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1. The heat capacity in the solid state

1.1. Classical approach

The starting point to describe the thermal behavior of bodies in the solid state in a
classical way is the model of an ideal crystal. All atoms are fixed at a given point in
the lattice at the temperature of absolute zero. They start to oscillate around their
equilibrium state at T > 0. If interactions between the atoms are neglected, each atom
behaves exactly like a harmonic oscillator. The equipartition theorem from classical
statistical mechanics states that the mean energy Ē of any oscillator is given by

Ē =
1

2
f · kBT ,

where kB is the Boltzmann constant and f the number of degrees of freedom. An
oscillator in three dimensions has three degrees of freedom with regard to potential
energy and three more with regard to kinetic energy. Therefore we have

Ē = 3 kBT .

Introducing the Avogadro constant NA we find the mean internal energy of a mole

UM = 3NA · kBT = 3RT .

By definition the heat capacity is

CV =

(
∂UM

∂T

)
V

.

Thus we can derive the classical law of Dulong-Petit

CV = 3R = 6 · cal

mol ·K
.

This indicates that the molar specific heat capacity should have the same – temperature
independent – value for all bodies in the solid state. But experiments show that this
is only true in the limit of high temperatures. Obviously, the classical model cannot
account correctly for conditions at lower temperatures. Furthermore, it contradicts the
third law of thermodynamics which states that CV should tend to zero as T tends to
zero.

1.2. Simple quantum mechanical model of independent oscillators

Einstein gave an explanation for the deviations from the law of Dulong-Petit in 1907:
Again we assume the molecules to be independent harmonic oscillators in three di-
mensions. In addition we know that one oscillator that can oscillate in three different
directions is equivalent to three oscillators that can only oscillate in one direction. By
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the laws of quantum mechanics the possible energy values for these one-dimensional
oscillators are given by

En =

(
n+

1

2

)
· h̄ω with n = 0, 1, 2, . . .

The Boltzmann mean value of the energy is thus

Ē =

∞∑
0

En · e
En
kBT

∞∑
0

e
En
kBT

=
1

2
h̄ω +

∞∑
0

nh̄ω · e
nh̄ω
kBT

∞∑
0

e
nh̄ω
kBT

,

where we have separated the zero point energy 1
2 h̄ω in the second step.

Substituting x = −h̄ω
kBT

we have

Ē =
1

2
h̄ω + h̄ω ·

∞∑
1

n · enx

1 +
∞∑
1

enx
=

1

2
h̄ω + h̄ω · d

dx
log

(
1 +

∞∑
1

enx
)

and after differentiating

Ē =
1

2
h̄ω +

h̄ω

e
h̄ω
kBT − 1

.

Because one mole contains 3NA oscillators the molar heat capacity is given by

CV = 3NA

(
∂Ē

∂T

)
V

= 3R · e
h̄ω
kBT(

e
h̄ω
kBT − 1

)2

(
h̄ω

kBT

)2

.

Einstein’s theory postulates one frequency ω = ωE for all oscillators. Using the Boltz-
mann relation it is possible to assign a characteristic temperature

θE =
h̄ωE

kB

such that

CV = 3R · e
θE
T(

e
θE
T − 1

)2

(
θE

T

)2

.

This result of Einstein’s theory describes the temperature dependence of the heat ca-
pacity in a qualitatively correct way. In the high temperature limit CV tends to 3R as
required by the equipartition law and in the low temperature limit CV tends to zero.
But from a quantitative point of view the description is still very bad: Experiments show
that in the low temperature limit CV is proportional to T 3 whereas Einstein’s theory
predicts an exponential dependence of temperature.
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Figure 1: Standing wave

1.3. Debye’s theory of the specific heat capacity

Einstein’s theory makes the oversimplified assumption that all 3NA oscillators are in-
dependent of each other and oscillate with the same mean frequency ωE. If a more
general spectral frequency distribution is given by z(ω) dω, the internal energy UM can
be written as

UM =

∞∫
0

Ē(ω, T ) · z(ω) dω

with Ē again the mean energy of one linear oscillator. Einstein’s theory would describe
the special case of a spectral frequency distribution given by the Dirac delta-function:

zE(ω) dω = 3NA · δ(ω − ωE) dω

Obviously, every improvement of his theory has to start by considering the interactions
between the different oscillators and therefore by postulating a more realistic description
of the distribution function z(ω).
The knowledge of part of the lattice spectrum is the starting point for Debye’s theory.
If the wavelength is large compared to the distance of the lattice points we have elastic
waves with a propagation speed that is wavelength independent. First we consider the
one-dimensional case of a standing wave between two parallel walls with distance a with
the relation (see figure 1)

a = n1 ·
λ

2
.

The number nol of modes with wavelength larger than a given λmin is therefore

nol =
a

1
2λmin

,

i.e. the distance a measured in units of 1
2 λmin. If we assume an isotropic medium it is

easy to generalize this to the three-dimensional case: Considering only positive n, the

7



number of modes with wavelength larger than λmin is given by the volume of an octant

with radius a measured in volume units of
(

1
2 λmin

)3
. This result has to be multiplied

with 3 because a given wave vector ~k is related to one longitudinal and two transversal
oscillations.
Therefore

n = 3 · 1

8
· 4π

3
a3 · 1(

1
2 λmin

)3 .

The number of modes per cubic centimeter follows if a = 1 cm:

n =
3

8
· 4π

3
· 1(

1
2 λmin

)3 .

With the molar volume V

nmol =
3

8
· 4π

3
· V(

1
2 λmin

)3 .

The relation λmin = 2π · cω allows us to express this in terms of frequency:

nmol =
3

8
· 4π

3
· V(
π c
ω

)3 =
1

2
· V

π2c3
ω3 ,

where c is the speed of sound.
(More precisely, we should write ωmax because ω is the frequency corresponding to the
minimal wavelength λmin. For simplicity we drop the label “max” in the following.)
From this we find the spectral frequency distribution

z(ω) dω =
∂nmol

∂ω
dω =

V

2π2
· 3

c3
ω2 dω .

All these results can be easily applied to the anisotropic case by replacing c with a more
general speed of sound c̄. Because every wave vector ~k relates to one longitudinal and
two transversal oscillations, the general speed of sound can be defined by

3

c̄3
=

1

c3
l

+
2

c3
tr

with the longitudinal speed of sound cl and the transversal speed of sound ctr.
Debye extrapolated the elastic spectrum to higher frequencies in order to fit the total
number of modes to exactly 3NA:

ωD∫
0

z(ω) dω = nmol(ωD) =
V

2
· ω

3
D

π2c̄3
= 3NA
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⇒ ωD =

(
6NAπ

2c̄3 · 1

V

) 1
3

So in Debye’s theory

z(ω) =


3V

2π2c̄3
ω2 = 3NA · 3ω2

ω3
D

for 0 ≤ ω ≤ ωD

0 for ω > ωD

(1)

Therefore

UM =

ωD∫
0

[
h̄ω

2
+

h̄ω

e
h̄ω
kBT − 1

]
3NA ·

3ω2

ω3
D

dω

and for the molar heat capacity

CV = 3NAkB

ωD∫
0

e
h̄ω
kBT(

e
h̄ω
kBT − 1

)2 ·
(
h̄ω

kBT

)2

· 3ω2

ω3
D

dω .

Defining the Debye temperature θ as

θ =
h̄ωD

kB
,

the above expression can be simplified to

CV

(
θ

T

)
= 3R · 3

(
T

θ

)3
θ
T∫

0

x4ex

(ex − 1)2 dx = 3R ·D
(
θ

T

)

with x = h̄ω
kBT

. The function D
(
θ
T

)
defined by this equation is called Debye function

(see figure 2).
A totally equivalent expression for the Debye function is given by

D

(
θ

T

)
= 12

(
T

θ

)3
θ
T∫

0

x3 dx

ex − 1
− 3

(
θ

T

)
· 1

e
θ
T − 1

. (2)

The Debye function (the integral in equation (2) is not analytically solvable) however
can be calculated numerically (for example with the quad() function in Matlab).
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Figure 2: Debye function of Byrillium

Limit cases

• High temperature limit: θ
T � 1

By Taylor expanding CV
(
θ
T

)
we find basically the law of Dulong-Petit:

CV = 3R

[
1− 1

20

(
θ

T

)2

+ · · ·
]

• For low temperatures the integral can be expanded to ∞ and takes a constant
value:

CV =
12π4

5
R ·

(
T

θ

)3

= 1943.8
J

mol ·K
·
(
T

θ

)3

The temperature dependence of the heat capacity is determined only by a temperature
θ that is characteristic for each material. This theory agrees very well with experimental
results; the curves can be best matched if one allows for a weak temperature dependence
θ(T ).

1.4. Born’s approach

Every attempt to calculate the experimental curves more precisely needs a more complex
model for the spectral distribution z(ω).
In the simplified theories treated so far we always worked with a mean speed of sound
c̄. It is however possible to split this in a longitudinal and a transversal part. Requiring
that both modes have a common minimal wavelength we arrive at Born’s approach:

λmin = 2π · cl

ωD,l
= 2π · ctr

ωD,tr
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The corresponding spectral frequency distributions can be found by inserting the defining
equation for c̄ in the expression for z(ω) (c.f. equation (1)):

z(ω) = zl(ω) + ztr(ω) =
V

2π2

[
1

c3
l

+
2

c3
tr

]
ω2 dω = NA ·

3ω2

ω3
D,l

+ 2NA ·
3ω2

ω3
D,tr

(3)

Now we postulate two different cut-off frequencies ωD,l and ωD,tr for zl(ω) and ztr(ω)
respectively, defined by:

ωD,l∫
0

zl(ω) dω = NA and

ωD,tr∫
0

ztr(ω) dω = 2NA

Thus both the condition that the sum of all modes has to be exactly 3NA and Born’s
approach are satisfied and we continue analogously to the simplified theory and find

CV ,Born

(
θl

T
,
θtr

T

)
= R

[
D

(
θl

T

)
+ 2D

(
θtr

T

)]
by introducing two new Debye temperatures

θl =
h̄ωD,l

kB
and θtr =

h̄ωD,tr

kB
.

Because the speed of sound is proportional to ω and thus also to the Debye temperature,
we can define a mean Debye temperature θ in the same way we defined a mean speed of
sound:

3

θ3
=

1

θ3
l

+
2

θ3
tr

.

The simplified theory operates with exactly this mean Debye temperature.
For reasons not being discussed here the approximation made by Born’s approach is in

most cases not more precise than the simple model CV
(
θ
T

)
even though the complex

model is much closer to reality.
For comparison we plot the two spectral distributions (see figure 3). The following
equations are convenient for the calculations (c.f. equations (1) and (3)):

z(ω)Debye = 3NA ·
3ω2

ω3
D

=
3NA

ωD
· 3
(
ω

ωD

)2

z(ω)Born = zl(ω) + ztr(ω) = 3NA

[
ω2

ω3
D,l

+
2ω2

ω3
D,tr

]

=
3NA

ωD

( ωD

ωD,l

)3 (
ω

ωD

)2

+ 2

(
ωD

ωD,tr

)3 (
ω

ωD

)2

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Figure 3: Frequency distributions from Debye’s and Born’s theories

1.5. Relation between the Debye temperature and the elastic properties of
bodies in the solid state

From θ = h̄
kB
· ωD with

ωD =

[
6NAπ

2c̄3 · 1

V

] 1
3

and V =
M

%

where V is the molar volume, M is the molar mass and % is the density, we find the
following relation between θ and c̄:

θ =
h̄

kB
·
[
6NAπ

2 · %
M

] 1
3

c̄

As stated in [4] the longitudinal and transversal speed of sound in isotropic bodies are
given by

cl =

[
E

%
· 1− u

1− u− 2u2

] 1
2

ctr =

[
E

%
· 1

2(1 + u)

] 1
2

,

where E denotes Young’s modulus and % Poisson’s ratio.
Inserting these expressions in

3

c̄3
=

1

c3
l

+
2

c3
tr
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we arrive at

θ =
h̄

kB
·

18π2 · NA%

M
·
(
E

%

) 3
2

· 1

17 ·
(

2
3

) 3
2


1
3

.

Where we have used the approximation u ≈ 1
3 that is usually fulfilled very good for

metals.
With E = 31500 kp

mm2 (from [4]) for beryllium we find

θ = 1320 K .

This calculated value agrees well with other values in literature: By [3] the Debye tem-
perature of beryllium is

θ = 1160 K .

1.6. Heat capacity of free electrons

So far we have only considered the heat capacity of lattice atoms. If there are additional
free electrons they also contribute to the heat capacity. Free electrons are treated as
a gas not influenced by the lattice. The classical treatment of this electron gas using
kinetic gas theory states that every free electron contributes with

ue =
3

2
kBT

to the internal energy and with 3
2 kB

to the heat capacity.
For metals we make the assumption that there is one free electron per atom, so that
these electrons increase the heat capacity by about 3

2R, e.g. we expect for the molar
heat capacity of a metal

CV = CV (lattice) + CV (free electrons) = 3R+
3R

2
=

9R

2

But experiments in the high temperature limit give results predicted by the law of
Dulong-Petit with CV = 3R, i.e. the heat capacity of the elecron gas should vanish in
first approximation. The free electron gas does not behave like an ideal gas and thus
cannot be described with Maxwell-Boltzmann statistics.
The electron gas consists of elementary particles with half-integral spin. Therefore, it has
to be described by the Fermi distribution based on Pauli’s principle in a quantum me-
chanical calculation. In the case of very diluted gases the Fermi distribution approaches
the Boltzmann distribution. In this scenario the density of the electron gas is so high
that we cannot use the approximation of Boltzmann statistics. This is the reason for the
wrong result of the classical calculation. By using Fermi statistics and by treating the
electron gas as a degenerate Fermi gas we find the correct result for the heat capacity of
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the gas that vanishes at first approximation. In the second approximation we find – by
Taylor expanding CV (the integrals cannot be analytically solved) – the expression for
the low temperature limit :

CV (free electrons) = γ · T with γ = π2 ·
(
M

%

) 2
3

· (zNA)
1
3 · k2

B ·me

(3π2)
2
3 · h̄2

,

where z is the number of conduction electrons per atom and M is the molar mass.
For Beryllium γ = 4.92 · 10−4 J

mol·K2 (using z = 2).
On the other hand we know that for low temperatures (assuming θ = 1000 K)

CV (lattice) = 1943.8 · 10−9 J

mol ·K4
· T 3 .

The temperature with equal contribution from the lattice and from the electron gas is
therefore approximately at 15.9 K for beryllium.

CV

T

free electrons

lattice

15.9K

Figure 4: Lattice and electron gas contributions to the heat capacity

1.7. Cp–CV correction

From the experiment we get values for the distribution of Cp(T ) whereas theories usually
predict the function CV (T ). In order to compare experimental results with theoretical
predictions we need to find a mathematical relation between Cp(T ) and CV (T ).
At constant pressure a temperature change ∆T changes the volume of a body by

∆Vth = 3α · V ·∆T

where α is the linear expansion coefficient.
Thereby we put work ∆A into the system where

∆A = −p ·∆Vth = −p · 3α · V ·∆T

14
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Figure 5: Cp − CV -correction for beryllium

A change in pressure at constant temperature implies a change in volume given by the
defining equation of the compressibility χ

∆Vp = −χ · V ·∆p .

Because the volume should be constant we require

∆Vth + ∆Vp = 0

and thus get a relation between ∆p and ∆T :

∆p =
3α

χ
·∆T

and

(cp − cV ) ∆T = −∆A

cp − cV = −∆A

∆T
= 3α · V · p

d (cp − cV ) = 3αV · dp

Therefore,

d (Cp − CV ) = 3αv · 3α

χ
dT =

9α2v

χ
dT

and by integration and replacing v = M
% (molar volume) we arrive at

Cp − CV =
9α2

χ
· M
%
· T .

Figure 5 shows the relative difference
Cp−CV
CV

as a function of temperature without con-
sidering the temperature dependence of α, χ and %.
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1.8. The Debye temperature of beryllium

θ[K]

T [K]
900

1000

1100

1200

100 200 300 400 500

Figure 6: Debye temperature of beryllium

By deriving the Debye temperature we assumed a continuous body. Perturbations caused
by the internal structure of matter are therefore not considered. If the specific heat
capacity is examined over a large temperature interval it is clearly not possible to treat
the Debye temperature as a constant value independent of T . The dependence of CV (T )
for beryllium was measured in [7] and the temperature dependence of θ was calculated.
Figure 6 shows the corresponding results.
This temperature dependency has to be considered in order to precisely calculate the
curve of the specific heat capacity.

2. Equipment

2.1. Calorimeter

The experiment should provide the possibility to measure the specific heat capacity with
only one calorimeter over a temperature interval as large as possible (see section 3.4).
These requirements suggested to use a Nernst calorimeter that is based on the following
two principles: The sample is heated up by electric energy and a vacuum isolation
prevents heat exchange with the environment.
Because we want to take measurements over a large temperature interval we need to be
able to heat up or cool down the sample to every given temperature between −180◦ C
and +100◦ C. For low temperatures we cool the entire calorimeter with liquid nitrogen.
An exchange gas in the space between the sample and the metal casing of the calorimeter

16



sample

heating wiring

environment

outer casing

pipe

wires

Figure 7: Diagram of the experimental setup

with good thermal conduction facilitates this process. During the measurements of the
specific heat capacity the sample has to be isolated as well as possible. The heat lost
by radiation and thermal conductance through the fixing wires can be neglected if the
temperature difference between the sample and its immediate environment is small. But
the outer metal casing has a fixed temperature (i.e. room temperature) whereas the
sample temperature varies in a large interval. The resulting temperature differences
would influence the measured values too much. Therefore, there is another copper
casing in between the sample and the outer casing that can be heated up independently
of the sample. This inner casing is simply called environment in the following. So it is
possible to keep the temperature difference between the sample and the environment at
a low level while the only large temperature difference occurs between the two layers of
casings. With this method we can reduce the heat radiation to an absolute minimum.
The temperatures of the sample and the environment are measured by thermocouple
elements (Ts and Te).
These considerations decided at large the design of the calorimeter. Engineering feasi-
bility led to a cylindrical design with a concentric arrangement of the sample and the
casings (see figure 7).
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Figure 8: Exact drawing of the experimental setup
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Much work went into constructing the calorimeter in a way that makes it possible to
easily disassemble it into its building parts. On the other hand only building parts that
can sustain the temperature variation from −200◦ C to +100◦ C could be used. To
maintain a good vacuum over the whole range of temperatures it was necessary to avoid
all substances with a high vapor pressure inside the calorimeter.
The outer metal casing is made of stainless steel with a sealing ring made of indium
(rubber was not a possibility for the high vacuum needed). The gas pipe has to have a
certain length such that the calorimeter can be lowered without cooling the other parts
(e.g. the heating wires and the valves) too much. The pipe is also made of stainless steel
because of its stability and its very low thermal conductance.
The beryllium sample has a mass of approximately 90 g and a purity grade of 98.8%. The
sample is covered by a layer of teflon (polytetrafluoroethylene) band providing a good
insulation. It is attached to two teflon rings that are used as a suspension attachment.
(Please consult the appendix for more precise numbers.) The environment (inner casing)
is made of copper. Its temperature should be kept constant during the experiment and
it should be very massive in order not to be susceptible to temperature fluctuations.
Then again the total heat capacity of the calorimeter should be as small as possible so
that it can be cooled down efficiently. Thus, the actual size of the copper environment
is a trade-off between the two requirements. Again a thin layer of teflon band was used
to insulate the wiring. For exact technical details see figure 8.

2.2. The vacuum pump

The calorimeter has two valves. One venting valve to the outside and one that is con-
nected to the vacuum pump. To evacuate the calorimeter both valves are closed, the
pump is started and then the connecting valve slowly opened.

2.3. Temperature measurements

Two copper-constantan (type T) or Chromel-Alumel (type K) thermocouple elements
allow to measure the temperature of both the sample and the environment. As a reference
point we use a pot with ice-water (it should always contain a lot of ice). For conversion
of the measured values to temperatures please refer to the tables on page 21 till 24.

2.4. Heating

As mentioned above the sample and the environment can be heated up independently
using electrical energy. For the exact wiring please refer to figure 9.
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Figure 9: Wiring of the experiment (note: The resistance of the heating elements is
temperature dependent)
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3. Measurements

3.1. Introduction

The measurements of the specific heat capacity are based on the following idea: The
sample is heated up by the use of electrical energy. The input energy

Ael (Joule) = V I · th

is well known if the heating voltage V , the heating current I and the heating time th are
measured.
The sample is heated up by an amount ∆T and absorbs the energy

Ath (Joule) = mcp ·∆T .

where cp is given in J
g·K .

Neglecting heat losses we have

Ael = Ath

Because we know m and can measure ∆T it is easy to calculate cp.
But in the experiment we always have Ael > Ath, i.e. it is never possible to use all input
energy to heat up the sample:

1. The sample constantly loses heat:

Ael = Ath +A lost

The calculation of Ath = Ael −A lost is described in detail in section 3.2.

2. Together with the sample other parts of the setup are heated up (e.g. the teflon,
the wires, etc.) those additional heat capacities are interpreted as an increased
heat capacity of the sample:

Ath = Ath (sample) +Ath (other)

For a detailed calculations see section 3.3.

Now we can calculate cp from

Ath (sample) = mcp ·∆T · J .
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3.2. Heat exchange with the environment

The main reasons for loss of heat to the environment are

1. heat conduction and convection of the surrounding air

2. heat conduction in the electrical wires

3. thermal radiation

The vacuum pump is able to reduce the pressure to a low value around the order of
magnitude of 10−3 mbar. Together with the use of thin wires out of a material with
low heat conductivity the heat conduction is reduced to a minimum. All three effects
heavily depend on the temperature difference between the sample and its environment.
Especially the heat radiation that scales with T 4, where T is the temperature difference,
according to Stefan-Boltzmann’s law.
The error due to the loss of heat can be compensated by answering the following question:
How large would the initial increase in temperature ∆Tx have been if there was no heat
exchange with the environment?
In the experiment it is possible to determine ∆T by measuring the temperature Ts of
the sample before and after the actual heating. If we had a perfect thermal insulation
the time dependence of the temperature would look like this:

T

t

∆Tx

Ti

Tf

t2 t3

Figure 10: Ideal temperature evolution when heating the sample

In the beginning of the experiment the sample has a constant temperature Ti. During
the time interval t2 to t3 the sample is heated up and after switching off the heating
current it has a given final temperature Tf that remains constant. In this case ∆Tx is
trivially given by

∆Tx = Tf − Ti

In a real experiment however the curve looks more complex. We distinguish three phases:
the initial period, the main period and the final period (see figure 11).

26



T0

t′3

T (t)

t

∆Tx

th

T1

T2

T3
T4

t1 t2 tx t3 t4

F1

F2

gi

gf

initial period

Ti(t)

main period

Tm(t)

final period

Tf(t)

Figure 11: Characteristic temperature evolution when heating the sample

The experiment starts with the initial period (T (t) = Ti(t)): If the temperature of the
sample and the temperature of the environment T0 differ the temperature of the sample
changes until it reaches the value T0. Once the difference gets small enough the function
Ti(t) can be partially approximated by a straight line. The initial period should last
until the value of ∂T

∂t remains roughly constant and hence it is possible to find the line
gi.
In the time interval between t2 and t3 the sample is heated up with electrical energy. The
curve T (t) in this segment shows a behavior that is determined by the heating power,
the heat conduction of the sample, the heat exchange between the sample and the wires
and by relaxation effects such as the response time of the thermocouple element.
The main period (T (t) = Tm(t)) corresponds to the interval from t2 to t3 where t3 is the
time at which T (t) takes the form of a line again.
At this point the final period (T (t) = Tf(t)) starts. The measurements should be con-
tinued until the line gf can be exactly determined.
The increase in temperature ∆Tx is completely determined by the amount of input
energy. It cannot depend on the period of time th that was used to put the energy into
the system. With decreasing th (but constant input energy) the slope gets steeper and
steeper. The line would be vertical if the energy was put into the system in an infinitely
short time interval (limit th → 0) and all relaxation times would vanish. Because there
is no thermal exchange with the environment in an infinitely short time we could find
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∆Tx by just measuring the length of the vertical line segment.
Thus, our problem is reduced to the simple question: How do we have to chose tx such
that the limit case and the real process are energetically equivalent? We will realize that
we have to take the value of tx that equalizes the areas F1 and F2 (see figure 11).
Newton’s law of cooling provides the theoretical explanation for this claim. It states that
the temperature exchange between sample and environment per time unit is proportional
to the temperature difference:

dQ

dt
= k (T0 − T ) (4)

In the following we assume T2 < T0 < T3 (see figure 11).
The straight line gi is given by the function Ti(t). We now calculate the heat exchange
between sample and environment in the time interval from t2 to tx by integrating equa-
tion (4):
For the idealized curve we find

Q1i = k

tx∫
t2

(T0 − Ti(t)) dt

and for the actual curve

Q1m = k

tx∫
t2

(T0 − Tm(t)) dt .

If we follow the extrapolated curve Ti(t) instead of the real curve Tm(t) in the interval
from t2 to tx we get an error

∆Q1 = Q1i −Q1m = k

tx∫
t2

(Tm(t)− Ti(t)) dt = k · F1 .

And in an analog way we find the error

∆Q2 = Q2i −Q2m = k

t3∫
tx

(T0 − Tf(t)) dt− k
t3∫
tx

(T0 − Tm(t)) dt

= −k
t3∫
tx

(Tf − Tm(t)) dt = −k · F2

in the interval from tx to t3.
And thus the total error

∆Q = ∆Q1 + ∆Q2 = k · (F1 − F2)
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vanishes if and only if F1 = F2.
The heat losses, i.e. the slopes of the lines gi and gf are smaller if the temperature
difference between T and T0 is smaller. Therefore, the best way to choose T0 is to take
the average value of T2 and T3. This is called “Rumford’s trick”.

3.3. Corrections to eliminate other heat capacities

Together with the beryllium sample also the teflon parts and the wires get heated up.
Hence, the energy balance is given by

mBe · cBe ·∆T +
∑
i

mi · ci ·∆T = Ath

where the index i denotes to the teflon parts and the wires.
The specific heat capacity of teflon can be found in [8]. The table with the relevant
values can also be found in the appendix on page 33.
The specific heat capacity of the wire (copper) can be calculated from the Debye function.
The values θ = 343.5 K, % = 8.94 g

cm3 , M = 63.55 g
mol are used.

3.4. Experimental procedure

The aim of this experiment is to determine CV (T ) of beryllium over the temperature
interval from −196◦ C to +100◦ C. (Consider why we use beryllium for this experiment.)
Some hints related to the actual measurement can be found in the previous sections.
The process is explained in detail and coherently in this section. In order to complete
the experiment in a reasonable time it is very important to think of and write down a
measuring schedule. It is recommended to use a main period of about 10 minutes and
to chose about 5◦ C for ∆Tx. Before each measurement the heating energy should be
estimated by using the Debye function.
First, a few measurements between room temperature and +100◦ C should be tried in
order to get used to the setup with simple conditions.
To start the experiment both valves need to be closed and the vacuum pump started.
The valve between the calorimeter and the pump should be slowly opened to evacuate the
calorimeter. Now the specific heat capacity at room temperature can be determined as
described above. Then the sample is heated up to the next temperature point one wants
to measure and the measuring steps are repeated to get the new value of Cp. This process
is continued step by step until the temperature +100◦ C is reached. Figure 12 pictorially
describes this procedure. The air surrounding the calorimeter acts as a heating bath of
about 20◦ C.
As soon as the measuring process is clear the whole interval from −196◦ C to room
temperature can be covered. The starting point is the lowest possible temperature
(calorimeter fully lowered into liquid nitrogen).
We need an exchange gas in order to efficiently cool down the sample because the vac-
uum in the calorimeter would insulate it. We use helium that has a much better heat
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Figure 12: Basic evolution of the temperature during the experiment

conductivity than normal air and because it can be more easily pumped out due to its
small molecular weight.
To insert the exchange gas the valve to the vacuum pump needs to be closed and the
pump can be shut down. A balloon is attached to a helium gas bottle and filled with
helium. Then the balloon is attached to the venting valve and the valve slowly opened.
As soon as there is enough helium – a pressure around 30 mbar should suffice – inside
the calorimeter the venting valve should be closed again.
After that the calorimeter is lowered into the liquid nitrogen so it is fully covered by it.
After about 1 hour the sample should have thermalized to approximately the temperature
of the liquid nitrogen. The vacuum pump is started and the corresponding valve opened
in order to evacuate the helium from the calorimeter and to start the Cp-measurements.
The liquid nitrogen now acts as the heating bath. At the beginning it is important that
the calorimeter is almost completely covered by nitrogen, but at higher temperatures
this is not required. So don’t worry if the nitrogen evaporates during the experiment.
The environment should always have approximately the same temperature as the sample.
The heating current should remain constant during one measurement (i.e. from the
beginning of the initial period to the end of the final period). The heating power needed
to keep the environment at constant temperature can be easily estimated after a few
tries. The better Rumford’s trick is adhered to the preciser the results.
For the heating power of the environment these approximate values can be considered:
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temperature situation watt

≈ 20◦ C room temperature 0.0
100◦ C 4.0
−196◦ C calorimeter is completely covered by liquid nitrogen 0

0◦ C about half of the calorimeter is covered by liquid nitrogen 1.5

Furthermore the sample and the environment should not be heated up too much: The
temperature is easily increased but it can take a long time for the sample to cool down!
Determine the function CV (T ) considering all corrections explained in the
previous sections.
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A. Appendix

A.1. Notes

• Please do not open the calorimeter without explicit permission from the assistant.

• The resistance of the heating wires is temperature dependent.

• The voltage on the thermo couples can be amplified 100x, 300x or 1000x.

• The amplifier transfer functions should be calibrated for each amplifier as function
of input voltage (Vout = aVin + b) where a is the linear amplification and b is the
offset.

• Do not use the power source as input signal for the amplifier!! (Use for example the
voltage from the thermocouples, and measure in- and output voltages at different
temperatures)

• The computer interface should be calibrated for each channel (is 1 volt on the
input also 1 volt in the saved data file?)

• Note that the computer interface has a limited input voltage of approximately 5V

A.2. Technical details

sample (setup 1): m = 91.09 g
sample (setup 2): m = 91.16 g
sample (setup 3): m = 91.02 g
heating wires: ∼ 70 turns of copper-wire, diameter 0.1 mm

mCu ≈ 1.85 g, % = 8.94 g
cm3

teflon: ∼ 2 g
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A.3. Specific heat capacity of teflon from [8]

T [◦K] cV

[
J

g·K

]
0 0
5 0.0024

10 0.0182
15 0.0477
20 0.0764
25 0.1016
30 0.1247
35 0.1455
40 0.1647
45 0.1833
50 0.2017
55 0.2198
60 0.2330
65 0.2562
70 0.2745
75 0.2929
80 0.3120
85 0.3312
90 0.3500
95 0.3680

100 0.3857
105 0.4035
110 0.4212
115 0.4380
120 0.4566
125 0.4740
130 0.4910
135 0.5080
140 0.5250
145 0.5423
150 0.5598
155 0.5775
160 0.5975
165 0.6180
170 0.6385

T [◦K] cV

[
J

g·K

]
175 0.6587
180 0.6772
185 0.6940
190 0.7102
195 0.7257
200 0.7488
205 0.7558
210 0.7701
215 0.7842
220 0.7982
225 0.8120
230 0.8257
235 0.8394
240 0.8533
245 0.8673
250 0.8918
255 0.8971
260 0.9135
265 0.9315
270 0.9526
275 0.9765
280 1.012
310 1.021
315 1.023
320 1.027
325 1.032
330 1.038
335 1.044
340 1.049
345 1.055
350 1.001
355 1.068
360 1.074
365 1.081
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